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The nature of its intrinsic ripples1, 2, 3 is the key factor for understanding the 
stability of suspended graphene, and for unraveling the long-standing theoretical 
debate of the existence of low-dimensional crystalline state4, 5, 6. The rippling 
morphology of graphene, discovered also in other two-dimensional (2D) 
materials7, 8, 9, 10, has a profound impact on its electronic11, 12, 13 , mechanical14, 15, 16 
and chemical9, 17, 18 properties. Actually, long before the discovery of graphene, 
rippling phenomena are widely observed in many different systems: for example, 
the roughing transition of crystalline interface19, the “rippled” phase in 
biomembrane20, 21 and crumpling of flexible sheet polymers modeled by 
“tethered surfaces”22, 23. The fascinating truth that ripples exist in so many 
membrane-like materials with significant difference implies possible existence of 
a universal physical mechanism which was unclear. We clarify that the intrinsic 
ripples in suspended graphene is composed of two parts owing to different 
formation mechanism. The first part is characterized by the “spontaneous 
curvature”, which derives from the need to stabilize the soft ZA modes near long 
wavelength limit24. The second part is characterized by the “thermal curvature”, 
which is caused directly by height fluctuation. By choosing the spontaneous 
curvature as the order parameter of the system, we establish the Landau theory 
modifed by thermal fluctuation for “wrinkling transition” of large sized graphene. 
We find that as temperature rises from 0K, a second order phase transition 
occurs at a size dependent critical temperature 𝑻𝒄, which corresponds to a 
change of equilibrium configuration from a flat state to a rippling state. 
Interestingly, the order parameter is stablized as temperature increases, and the 
phase transition is associated with a sudden increase of equilibrium bond length 
as well as a vanishing “intrinsic bending rigidity”. The results obtained suggest 
that the interplay between the rippling morphology and the elementary 
excitations is vital for understanding the behavior of any suspended 2D materials. 
The concepts and theory developed here is of general significance at least for 
tethered membranes. 
 
Due to the complex microscopic structure and constituents of flexible membranes, 
theoretical concerns about their intrinsic ripples are usually developed upon 
continuum medium hypothesis6, 23, 25 without including any microscopic feature. For 
the same reason, a lot of effort has been made on analyzing the effect of geometrical 
deformation and defects (e.g. the KTHNY theory26, 27, 28, 29 for 2D melting) on ripple 
formation, while the interplay between ripples and the elementary excitations is not 
considered. In this case, solving the ripple problem in graphene is particularly 
valuable since its atomic interaction and vibrational behavior can both be explicitly 
obtained15, 30, 31, which permits discussion on the applicability of existing membrane 
theories3, 32. Through phonon analysis of graphene24, it is already known that the ZA 
modes near long wavelength limit are softened when the equilibrium lattice constant 
is shortened due to negative thermal expansion (NTE). This means large sized ripples 
spontaneously appear with shape determined by the soft modes33, 34. These 
“spontaneous ripples” refer to change of the static equilibrium configuration and 
should be distinguished from the “thermal ripples” due to height fluctuation. While 
too much attention is paid to the effect of thermal ripples, we believe that the 
spontaneous ripples have more fundamental influence on the morphology and 
properties of graphene. 
To study how the soft modes are stabilized by presence of the spontaneous ripples, we 
need to solve the dispersion relation for rippling graphene at long wavelength limit. 
Since the spontaneous ripples derive from soft ZA modes near long wavelength limit, 
the wavelength of these soft modes is significantly larger than lattice spacing. In the 
absence of any mechanical load, the ripple size of suspended graphene should be 
isotropic in the surface considered. Therefore, the structure of rippling graphene can 
be regarded as being composed of many “local regions” with two equal principal 
curvatures denoted by 𝜅. One should notice that the idea developed here resembles 
Kadanoff’s block spin transformation for 2D Ising models 35, and that a similar idea 
had been mentioned before to describe a rippling graphene36. To characterize a local 
region as slightly perturbed flat plane, let us define a nondimensionalized curvature ?̅? 
as ?̅? = 𝑎𝜅 where 𝑎 denotes the lattice constant of graphene. For different local 
regions, ?̅? can take different values and different signs. Yet, due to the absence of 
macroscopic bending moment, the average of ?̅? over the whole material should be 
zero and the sign of ?̅? for neighboring regions of one local region with positive ?̅? 
should be negative to ensure equilibrium of local bending moment. Define the 
spontaneous curvature as 
?̃? =
1
𝑆
∫ |?̅?|𝑑𝑠
𝑆
,                                                            (1) 
where 𝑆 denotes the total area occupied by the 2D material. At equilibrium |?̅?| of 
an arbitrary local region would fluctuate around ?̃?. Consider the lattice dynamics for 
the acoustic branches at long wavelength limit, the dynamical matrix can be expanded 
as 
𝐃𝑎𝑐𝑜𝑢𝑠𝑡𝑖𝑐 (
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝐪
𝑘, 𝑘′
) + 𝐃2 (
𝐪
𝑘, 𝑘′
) ?̃?2,                            (2) 
where 𝐪 = 𝑞[cos 𝛼 , sin 𝛼]𝑇 denotes the wave vector in the 2D reciprocal space, 𝐃0 
denotes the dynamical matrix37 of graphene in flat configuration and 𝐃2 represent 
the second order disturbance of the dynamical matrix due to ?̃? (for derivation see the 
Supplementary Information).  
Through matrix perturbation theory38, the expression of the acoustic branches phonon 
frequencies at long wavelength limit can be obtained by solving the eigenvalue of 
𝐃𝑎𝑐𝑜𝑢𝑠𝑡𝑖𝑐 (
𝐪
𝑘, 𝑘′
) as 
𝜔𝑍𝐴
2 = 𝑏3
∗𝑞2 + 𝑑3𝑞
4,      𝑏3
∗ = 𝑏3 + ℎ3̅̅ ̅?̃?
2,                              (3a) 
𝜔𝐿𝐴
2 = 𝑏1
∗𝑞2,      𝑏1
∗ = 𝑏1 + ℎ1̅̅ ̅?̃?
2,                                   (3b) 
𝜔𝑇𝐴
2 = 𝑏2
∗𝑞2,      𝑏2
∗ = 𝑏2 + ℎ2̅̅ ̅?̃?
2,                                   (3c) 
where 𝑏𝑖 and ℎ?̅?, (𝑖 = 1,2,3) can be expressed in terms of the force constants. The 
expressions and details of the solution process can be found in Supplementary 
Information. According to eqs. (3a-c), when spontaneous curvature appears, 
coefficients of the second order term of 𝑞 in the dispersion relations for all the 
acoustic branches at long wavelength limit are renormalized. When describing the 
carbon-carbon potential with the empirical bond order potential LCBOPII30, we have 
after evaluation ℎ1̅̅ ̅ < 0, ℎ2̅̅ ̅ < 0 and ℎ3̅̅ ̅ > 0. For flat graphene, soft modes appear 
when 𝑏3 < 0, i.e., when the equilibrium lattice constant 𝑎 becomes smaller than the 
static value 𝑎0 (here 𝑎0 is determined by 
𝜕Φ𝑖
𝜕𝑎
= 0, where Φ𝑖 denotes the potential 
energy possessed by the 𝑖th atom)24. Eq. (3a) provides solid evidence that the soft 
modes can be stabilized by spontaneous curvature.  
At given temperature and zero mechanical loads, the equilibrium lattice constant and 
spontaneous curvature take values that minimizes the Helmholtz free energy. Since 
it’s well known that thermal fluctuation32, 39 plays a significant role in ripple 
formation of any 2D materials, here the Helmholtz free energy per atom is described 
within the self-consistent harmonic approximation (SCH)40, 41, 42 as 
𝑓𝑆𝐶𝐻 = 〈Φ𝑖〉 +
𝑘𝐵𝑇
𝑁
∑ln(1 − 𝑒
−
ℏ𝜔𝐪𝜆
𝑘𝐵𝑇 )
𝐪,𝜆
−
1
2𝑁
∑ℏ𝜔𝐪𝜆 (𝑒
ℏ𝜔𝐪𝜆
𝑘𝐵𝑇 − 1)
−1
𝐪,𝜆
,     (4) 
where 𝑁 denotes the number of atoms in the system and 〈… 〉 denotes statistical 
average over the states described by the Hamiltonian of the system under harmonic 
interactions. One should notice that in eq. (4), it is assumed that 〈Φ𝑖〉 describes the 
ground state Helmholtz free energy per atom (i.e. the free energy caused by zero point 
vibration is incorporated in 〈Φ𝑖〉)
43. If the contribution of optic phonon branches to 
the free energy is neglected, eq. (4) can be reformulated within the Debye model as 
𝑓𝑆𝐶𝐻 = 〈Φ𝑖〉 +
1
𝑁
∫ [𝑘𝐵𝑇 ln(1 − 𝑒
−
ℏ𝜔
𝑘𝐵𝑇) −
ℏ𝜔
2
(𝑒
ℏ𝜔
𝑘𝐵𝑇 − 1)
−1
]
𝜔𝑖𝑛
0
𝑔𝑖𝑛(𝜔)𝑑𝜔
       +
1
𝑁
∫ [𝑘𝐵𝑇 ln(1 − 𝑒
−
ℏ𝜔
𝑘𝐵𝑇) −
ℏ𝜔
2
(𝑒
ℏ𝜔
𝑘𝐵𝑇 − 1)
−1
]
𝜔𝑜𝑢𝑡
0
𝑔𝑍𝐴(𝜔)𝑑𝜔,
    (5) 
where 𝑔𝑖𝑛(𝜔) and 𝑔𝑍𝐴(𝜔) denote respectively the density of state for in-plane 
acoustic branches and ZA modes using the dispersion relation at long wavelength 
limit. According to eqs. (3a-c), we have 
𝑔𝑖𝑛(𝜔) =
𝑆
2𝜋
(
1
 〈𝑏1
∗〉
+
1
 〈𝑏2
∗〉
)𝜔,                                       (6a)
𝑔𝑍𝐴(𝜔) =
𝑆
2𝜋
𝜔
 √〈𝑏3
∗〉2 + 4〈𝑑3〉𝜔2
,                                 (6b)
 
where 𝑆 denotes the total area of the 2D material. In eq. (5) 𝜔𝑖𝑛 = 4√
𝜋〈𝑏1
∗〉〈𝑏2
∗〉
𝑠0(〈𝑏1
∗〉+〈𝑏2
∗〉)
 
and 𝜔𝑜𝑢𝑡 = 2√
2𝜋
𝑠0
(
8〈𝑑3〉𝜋
𝑠0
+ 〈𝑏3
∗〉) denote the two Debye frequencies for in-plane 
acoustic modes and for ZA modes, respectively. Here 𝑠0 =
3√3
2
𝑎2 denotes the area 
occupied by one lattice cell. Through simple analysis of eqs. (5, 6b), it is found that to 
minimize the free energy the spontaneous curvature has a definite expression 
?̃?2 = {
−
〈𝑏3〉
〈ℎ3〉
,   𝑖𝑓 〈𝑏3〉 < 0
0,        𝑖𝑓 〈𝑏3〉 ≥ 0
.                                          (7) 
The analysis is given as follow: Assume that for 〈𝑏3〉 < 0, ?̃?
2 = −
〈𝑏3〉
〈ℎ3〉
 is increased 
by 𝑑?̃?2 =
𝛿
〈ℎ3〉
, where 𝛿  is positive and infinitely small, we have  𝑑𝑔𝑍𝐴(𝜔) =
𝑆
2𝜋
(
𝜔
 √𝛿2+4〈𝑑3〉𝜔2
−
1
 2√〈𝑑3〉
) < 0  for any 𝜔 . Moreover, for 𝜔 → 0 , 𝑑𝑔𝑍𝐴(𝜔) →
−
𝑆
2𝜋
1
 2√〈𝑑3〉
. On the other hand, 𝑑𝑔𝑖𝑛(𝜔) = −
𝑆
2𝜋
(
〈ℎ1〉
 〈𝑏1
∗〉2
+
〈ℎ2〉
 〈𝑏2
∗〉2
)
𝛿
〈ℎ3〉
𝜔 > 0 is linear in 
𝛿 . Hence 𝑑𝑔𝑖𝑛(𝜔)  in the low frequency range is infinitesimal compared with 
𝑑𝑔𝑍𝐴(𝜔), and so the vibrational part of the free energy is increased because of 𝛿. 
Meanwhile, the potential part of the free energy per atom can be expanded for small 
?̃? as 
〈Φ𝑖〉 = 〈Φ𝑖0〉 +
9
16
〈𝑐𝑎〉?̃?
2 +
9
256
(3〈𝑐𝑎2〉 − 〈𝑐𝑎〉)?̃?
4,                 (8) 
where Φ𝑖0 denotes the potential for flat graphene and higher order terms are omitted. 
Since 〈𝑐𝑎〉 > 0 and 3〈𝑐𝑎2〉 − 〈𝑐𝑎〉 > 0 for graphene, we have 𝑑〈Φ𝑖〉 > 0 for any 
given 𝛿. Therefore 𝑑𝑓𝑆𝐶𝐻 > 0 for given 𝛿, which renders eq. (7). Substituting eqs. 
(6, 7) into eq. (5), after manipulation we have 
𝑓𝑆𝐶𝐻 = 〈Φ𝑖0〉 +
9
16
〈𝑐𝑎〉〈?̃?
2〉 +
9
256
(3〈𝑐𝑎2〉 − 〈𝑐𝑎〉)〈?̃?
2〉2     
           +
𝑠0(𝑘𝐵𝑇)
3
4𝜋ℏ2
(
1
 〈𝑏1
∗〉
+
1
 〈𝑏2
∗〉
) 𝐽1 +
𝑠0(𝑘𝐵𝑇)
2
8𝜋ℏ
1
 √〈𝑑3〉
𝐽2,
                 (9) 
where 𝐽1 = ∫ [ln(1 − 𝑒
−𝜉) −
𝜉
2
(𝑒𝜉 − 1)
−1
]
Θ𝑖𝑛/𝑇
0
𝜉𝑑𝜉  and 𝐽2 = ∫ [ln(1 −
Θ𝑜𝑢𝑡/𝑇
0
𝑒−𝜉) −
𝜉
2
(𝑒𝜉 − 1)
−1
] 𝑑𝜉  can both be considered as constants below room 
temperature. Here Θ𝑖𝑛 =
ℏ𝜔𝑖𝑛
𝑘𝐵
 and Θ𝑜𝑢𝑡 =
ℏ𝜔𝑜𝑢𝑡
𝑘𝐵
 denote the in-plane Debye 
temperature and out-of-plane Debye temperature. At ground state, Θ𝑖𝑛 ≈ 2600𝐾 and 
Θ𝑍𝐴 ≈ 1400𝐾. In self-consistent phonon theory, the terms in 〈… 〉 are evaluated as 
functions of vibrational displacements following Gaussian distribution, where its 
variance is related to the fluctuation of the nearest neighbor bond length. At long 
wavelength limit using the Debye model we have after deduction  
Λ𝑍1 =
𝑎2𝑠0𝑘𝐵𝑇
8𝜋𝑚〈𝑑3〉
ln
[
 
 
 
 
1 − 𝑒−
Θ𝑜𝑢𝑡
𝑇
lim
𝜔→0
(1 − 𝑒
−
ℏ𝜔
𝑘𝐵𝑇)
]
 
 
 
 
+
ℏ𝑎2
2𝑚√〈𝑑3〉
,                       (10𝑎) 
Λ𝐿1 =
ℏ𝑎2
3𝑚
√
𝜋
𝑠0〈𝑏1
∗〉
+
𝑎2𝑠0(𝑘𝐵𝑇)
3
8𝜋𝑚ℏ2
𝐽3
 〈𝑏1
∗〉2
,                             (10b) 
Λ𝑇1 =
ℏ𝑎2
3𝑚
√
𝜋
𝑠0〈𝑏2
∗〉
+
𝑎2𝑠0(𝑘𝐵𝑇)
3
8𝜋𝑚ℏ2
𝐽3
 〈𝑏2
∗〉2
,                             (10𝑐) 
where Λ𝑍1, Λ𝐿1 and Λ𝑇1 denote respectively the fluctuation of the nearest neighbor 
bond length due to ZA, LA and TA modes. And 𝐽3 = ∫ 𝜉
2 (coth
𝜉
2
− 1)𝑑𝜉
Θ𝑖𝑛/𝑇
0
 in 
eqs. (10b-c) is finite and can be regarded as constant below room temperature. 
We observe from eq. (10a) that for infinite sized graphene, Λ𝑍1 → ∞. It’s been 
proved long ago5 that for 2D materials the in-plane displacement correlation diverges 
in the form 〈[𝐮𝑖𝑛(𝐑) − 𝐮𝑖𝑛(𝐑′)]
2〉~ ln|𝐑 − 𝐑′| as |𝐑 − 𝐑′| → ∞. The divergence 
obtained in eq. (10a) is stronger since it denotes correlation of the out-of-plane 
displacement of two neighboring atoms with |𝐑 − 𝐑′| = 𝑎. Physically, this means 
that for infinite sized graphene with flat configuration, before in-plane melting occurs 
it will first undergo severe out-of-plane undulation. We thus obtain an important 
result: graphene with infinite size is extremely unstable at flat configuration due to 
out-of-plane fluctuation. 
For material sample with finite size L2, discrete phonon spectrum is obtained by using 
the periodic boundary condition. In this case, the smallest 𝜔 attainable for the ZA 
modes is given by 
𝜔𝑚𝑖𝑛 =
√〈𝑑3〉
𝐿2
.                                                           (11) 
When L2 is large enough, the Debye model can still be applied, and eq. (10a) reduces 
to a finite value: 
Λ𝑍1 =
𝑎2𝑠0𝑘𝐵𝑇
8𝜋𝑚〈𝑑3〉
ln [
1 − 𝑒−
Θ𝑍𝐴
𝑇
1 − 𝑒−
Θ𝑚𝑖𝑛
𝑇
] +
ℏ𝑎2
2𝑚√〈𝑑3〉
(1 −
𝑠0
8𝜋𝐿2
),                   (12) 
where Θ𝑚𝑖𝑛 =
ℏ𝜔𝑚𝑖𝑛
𝑘𝐵
. Minimiztion of eq. (9) at given temperature determines the 
equilibrium lattice constant 𝑎. Within the SCH model, the solution is obtained in a 
self-consistent way using eqs. (9, 10b-c, 12), while the spontaneous curvature is 
determined by eq. (7).  
When the independent standard deviations √Λ𝐿1, √Λ𝑇1, √Λ𝑍1, and the change of 
equilibrium lattice constant from its ground state value 𝑑𝑎 = (𝑎 − 𝑎0) are all small 
quantities compared with the ground state lattice constant, a two-step expansion 
method can be developed for all the terms with 〈… 〉. Application of the method to eq. 
(9) gives  
𝑓𝑆𝐶𝐻 = (𝑓𝑆𝐶𝐻)0 + 𝐴(𝑇)?̃?
2 + 𝐵(𝑇)?̃?4,                                        (13) 
where (𝑓𝑆𝐶𝐻)0  denotes the free energy per atom for flat graphene with lattice 
constant 𝑎0 , and 𝐴(𝑇) = 𝐴0 + 𝛾𝑧𝑇 ln [
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
] + 𝛾𝑧2𝑇
2Log2[
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
] + 𝛾2𝑇
2 +
𝛾3𝑇
3. Here 𝐵(𝑇), 𝐴0, 𝛾𝑧 , 𝛾𝑧2, 𝛾2 and 𝛾3 are coefficients explicitly determined by 
the ground state force constants. The two-step expansion method and the expressions 
of coefficients can be found in Supplementary Information. Through eq. (13), the 
Landau theory for the “wrinkling transition” (the name is used to distinguish itself 
from the crumpling transition in tethered surfaces23) of graphene is established, with 
𝐴(𝑇) and 𝐵 analytically expressed in terms of the interatomic potential for carbon. 
For 1m2 sized graphene, we have 𝐴0 = 0.087ev, 𝛾𝑧 = −2.377 × 10
−4ev/K, 𝛾𝑧2 =
−2.584 × 10−8ev/K2, 𝛾2 = 1.301 × 10
−6ev/K2, 𝛾3 = −6.011 × 10
−11ev/K3, and 
𝐵 = 58.88ev. Here higher order terms of temperature in the expressions of 𝐴(𝑇) and 
𝐵 are not shown. At given temperature, 𝑓𝑆𝐶𝐻 should be minimized in term of ?̃?. 
Thus the value of ?̃? at equilibrium state is determined by 
𝜕𝑓𝑆𝐶𝐻
𝜕?̃?
= 0,
𝜕2𝑓𝑆𝐶𝐻
𝜕?̃?2
> 0, 
which gives  
?̃?2 = {
−
 𝐴(𝑇)
2𝐵(𝑇)
,   𝑓𝑜𝑟  𝐴(𝑇) < 0
0,   𝑓𝑜𝑟  𝐴(𝑇) ≥ 0
                                          (14) 
The critical temperature is obtained from 𝐴(𝑇) = 0, and the phase transition is of 
second-order. This wrinkling transition is characterized by the appearance of 
spontaneous curvature, which changes the equilibrium configuration of graphene from 
a flat state to a rippling state. Yet, according to statistical mechanics the real 
configuration of the material is fluctuated around its equilibrium configuration and 
thus the real curvature of the graphene is strongly affected by thermal fluctuation, 
which can be written as 
〈?̃?2〉 = ?̃?2 + ?̃?𝑡
2 ≈ ?̃?2 +
4Λ𝑍1
𝑎2
,                                         (15) 
where ?̃?𝑡 is termed “thermal curvature” which characterizes the curvature due to 
thermal fluctuation. Variation of ?̃? and ?̃?𝑡 with temperature for 1m
2 sized graphene 
predicted by the Landau theory and the SCH calculation is shown in Figure 1a. A 
wrinkling transition with critical temperature 𝑇𝑐 = 8.5𝐾 is obtained from the Landau 
theory, characterized by appearance of the order parameter ?̃?. One exotic property of 
this phase transition is that the order parameter is zero at ground state and increases 
with temperature, contradicting the common belief that the order parameter 
increases monotonically in moving away from 𝑇𝑐 to 0K as predicted by the Landau 
theory for general second order phase transitions44. On the other hand, it is shown that 
for both models, the value of ?̃?𝑡 is at least an order of magnitude larger than ?̃?, for 
which the wrinkling transition characterized by appearance of ?̃? has a tiny effect on 
√〈?̃?2〉. As the experimentally observed curvature is √〈?̃?2〉, the wrinkling transition of 
graphene is hidden under the large out-of-plane undulation due to thermal fluctuation. 
Yet, since ?̃? reflects the spontaneous tendency of the system towards stability while 
?̃?𝑡 derives directly from thermal fluctuation, the ripples described by ?̃? should be 
“harder” than those described by ?̃?𝑡. In other words, according to the theory of soft 
modes 33, 34, we believe that the actual configuration of graphene is determined by ?̃? 
and then amplified by ?̃?𝑡.  
We also observe in Figure 1a a discrepancy of ?̃? (and ?̃?𝑡) predicted by the Landau 
theory and by SCH calculation. Below 750K, ?̃? (and ?̃?𝑡) predicted by the Landau 
theory is always smaller, due to omission of higher order terms of fluctuation in the 
truncated expansion of all the terms with 〈… 〉. Above 750K, ?̃?  predicted by the 
Landau theory exceeds ?̃? predicted by SCH calculation rapidly. This is because 
when constructing the Landau theory, the variances Λ𝑗1, (𝑗 = 𝐿, 𝑇, 𝑍)  are 
overestimated since they are not calculated in a self-consistent way. A detailed 
analysis of the applicability of the Landau theory is provided in the Supplementary 
Information. 
On the other hand, the phase transition point at 8.5K obtained in the Landau theory is 
blurred in the SCH calculation, where ?̃? is found to be 0.009 at 0K and thus 1m2 
sized graphene is already rippling at ground state according to the SCH calculation. 
This blurring can be attributed to omission of higher order effects of fluctuation in the 
Landau theory. Similar phenomenon has been treated before when discussing the 
crumpling transition45.  
 
 Figure 1. The variation of nondimensionalized curvature with temperature (a)using 
two different models and (b)for different sized graphene. For (a): the solid red curves 
plot the result of the Landau theory, while the blue lines with dots plot the result of 
SCH calculation. The variation of ?̃?𝑡 is presented above the break region, and the 
variation of the spontaneous curvature ?̃? is presented below the break region. The 
size of graphene in this calculation is 1m2. For (b): results are obtained using the 
Landau theory, where the size of graphene is assumed to be 1m2 (red curve), 1mm2 
(blue curve), and 1μm2 (green curve).  
 
According to the Landau theory, the sign of 𝐴(𝑇) determines the occurrence of 
phase transition and the value of the order parameter. To further analyze the origin of 
the wrinkling transition, 𝐴(𝑇) in eq. (13) is recasted into a new form: 𝐴(𝑇) =
𝐴𝑄𝐻 + 𝐴𝐿 + 𝐴𝑇 + 𝐴𝑍 + 𝐴𝐶 , where the explicit expression for 𝐴𝑄𝐻, 𝐴𝐿 , 𝐴𝑇 , 𝐴𝑍 and 
𝐴𝐶  can be found in the Supplementary Information. Here 𝐴𝑄𝐻  denotes the 
coefficient of ?̃?2 when the effect of thermal fluctuation is neglected in free energy 
calculation (i.e., 𝐴𝑄𝐻  is obtained by using quasi-harmonic approximation); 
𝐴𝐿, 𝐴𝑇 , 𝐴𝑍 and 𝐴𝐶  can be regarded as modification of 𝐴𝑄𝐻 due to thermal vibration 
of LA modes, TA modes, ZA modes, and coupling between these modes, respectively. 
For graphene, we have: 
𝐴𝑄𝐻 = (0.31 + 1.301 × 10
−6𝑇2 + 1.024 × 10−9𝑇3)ev , 𝐴𝐿 = (−0.196 − 8.264 ×
10−10𝑇3)ev , 𝐴𝑇 = (0.017 − 2.195 × 10
−10𝑇3)ev , 𝐴𝑍 = [−0.044 − 2.291 ×
10−4𝑇Log[
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
] − 2.584 × 10−8𝑇2Log2[
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
]] ev, and 𝐴𝐶 = (−0.0007 −
1.299 × 10−6𝑇Log[
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
])ev.  
The expressions of these coefficients are all composed of a constant term and some 
temperature-dependent terms.  For 𝐴𝑄𝐻, the constant term reflects the change of 
equilibrium potential energy, and the temperature-dependent terms derive from the 
energy of phonon vibration, where the 𝑇2 term denotes the contribution from ZA 
modes and the 𝑇3  term denotes the contribution from LA and TA modes. The 
positive of 𝐴𝑄𝐻  at any temperature indicates that the appearance of ?̃?  is 
energetically unfavorable within the quasi-harmonic approximation. Within the 
self-consistent phonon theory, however, the static atomistic potential is replaced by its 
ensemble average, or called the “smeared potential”41, leading to a modification of 
𝐴𝑄𝐻  due to bond length fluctuation where 𝐴𝐿 , 𝐴𝑇 , 𝐴𝑍  and 𝐴𝐶  are derived. The 
constant terms of 𝐴𝐿 , 𝐴𝑇 , 𝐴𝑍 and 𝐴𝐶  represent the effect of zero-point fluctuation, 
which tends to stabilize ?̃? mainly through the vibration of LA modes. On the other 
hand, the temperature-dependent terms of 𝐴𝐿 , 𝐴𝑇 , 𝐴𝑍  and 𝐴𝐶  all facilitate the 
appearance of  ?̃? in graphene. Interestingly, due to the special 𝜔 ∝ 𝑞2 form of 
dispersion relation for the ZA modes at long wavelength limit, 𝐴𝑍 and 𝐴𝐶  can be 
regarded as linear function of temperature in the range 𝑇 ≫ Θ𝑚𝑖𝑛. Besides, due to the 
strong structural anisotropy of graphene, the amplitude of out-of-plane vibration is 
significantly larger than the amplitude of in-plane vibration, for which the 
temperature-dependent term in 𝐴𝑍 dominates in a wide temperature range up to 
around 1000K. At higher temperature, the negative 𝑇3 terms in 𝐴𝐿 and 𝐴𝑇 offset 
the positive 𝑇3 term in 𝐴𝑄𝐻. Therefore, at low temperature a wrinkling transition 
takes place due to the negative temperature-dependent term in 𝐴𝑍, while at finite 
temperature the equilibrium value of ?̃? is determined via the competition between 
negative temperature-dependent terms in 𝐴𝑍 and the positive 𝑇
2 term in 𝐴𝑄𝐻. This 
explains why the order parameter is stabilized rather than destroyed by an increase of 
temperature. Since NTE, large out-of-plane vibrational amplitude and the special 
𝜔 ∝ 𝑞2 form of dispersion relation for the ZA modes at long wavelength limit are 
three general properties for any 2D materials24, the wrinkling transition and the 
associated heating-stabilized spontaneous curvature discussed here are of universal 
interest at least for tethered membranes. 
Since Θ𝑚𝑖𝑛 is determined by the size of graphene sample, the size effect on ?̃?𝑡 and 
?̃? is studied within eq. (13) and shown in Figure 1b. It is found that the critical 
temperature of the wrinkling transition is slightly increased when the graphene sample 
size drops from 1m2 to 1mm2 and then to 1μm2. As for ?̃?𝑡, the smaller the graphene 
sample size, the slower the variation of ?̃?𝑡 with temperature. 
From Eq. (14), we can express ?̃?2 as a function of 𝑑𝑎, for which eq. (13) can be 
reformulated as a function of 𝑑𝑎. Solving 
𝜕𝑓𝑆𝐶𝐻
𝜕(𝑑𝑎)
= 0, we have 
𝑑𝑎 =
{
 
 
𝐶1𝑙
𝐶2𝑙
,   𝑇 ≥ 𝑇𝑐
𝐶1ℎ
𝐶2ℎ
,   𝑇 < 𝑇𝑐
                                                    (16) 
where 𝐶1𝑙, 𝐶2𝑙, 𝐶1𝑙 and 𝐶2𝑙 are explicitly expressed in terms of the force constants in 
the Supplementary Information.  
  
Figure 2. Variation of equilibrium lattice constant with temperature (a)using Landau 
theory (red curve) and SCH calculation (blue curve with dots), where the size of 
graphene in this calculation is 1m2; (b)using Landau theory for discussion of the size 
effect, where the size of graphene is assumed to be 1m2 (red curve), 1mm2 (blue 
curve), and 1μm2 (green curve). In the inset, all dashed lines with different colors 
mark the critical temperature at which a sudden increase of lattice constant takes 
place. 
 
The equilibrium lattice constant 𝑎 = 𝑎0 + 𝑑𝑎 as a function of temperature is plotted 
in Figure 2a using eq. (16) (the Landau theory) and the SCH calculation. It is 
observed that a sudden increase of equilibrium lattice constant at the critical 
temperature occurs according to the Landau theory, which is blurred out in SCH 
calculation due to higher order effect of fluctuation. For similar reasons shown in the 
discussion of ?̃?𝑡 in Figure 1a, in Figure 2a the magnitude of NTE predicted by the 
Landau theory is slightly decreased compared with corresponding result from SCH 
calculation below around 340K, while above 340K, the prediction of the Landau 
theory exceeds that of the SCH calculation rapidly. We also observe in Figure 2b that 
NTE is weakened as the sample size drops from 1m2 to 1mm2 and then to 1μm2. 
If we describe graphene as a thin plate, the Helmholtz free energy density can be 
obtained from eq. (13) as 𝐹𝑆𝐶𝐻 =
2𝑓𝑆𝐶𝐻
𝑠0
. According to the elastic theory of thin 
plates46, the equibiaxial bending moment 𝑀 = 𝑀11 = 𝑀22  and the equibiaxial 
bending curvature 𝜅 = 𝜅11 = 𝜅22 forms a conjugate pair when concerning the strain 
energy density of thin plate. For a local region in graphene with spontaneous 
curvature ?̃?, we define the spontaneous bending rigidity as ?̃? =
𝜕2𝐹𝑆𝐶𝐻
𝜕𝜅2
 where 𝜅 =
?̃?/𝑎. From eq. (13) we have ?̃? =
8√3
9
𝐴 for 𝑇 ≥ 𝑇𝑐 and ?̃? = −
16√3
9
𝐴 for 𝑇 < 𝑇𝑐. 
we also define the thermal bending rigidity as 𝐷 =
𝜕2𝐹𝑆𝐶𝐻
(𝜕√〈𝜅2〉)
2, where 〈𝜅
2〉 = 〈?̃?2〉/𝑎2. 
As shown in Figure 3, the wrinkling transition is accompanied by vanishing of ?̃?, 
which, however, is hidden under the strong effect of thermal fluctuation. Because we 
can see that the effect of vanishing of ?̃? is almost unobservable in the curve of 𝐷, 
which is at least two orders of magnitude larger than ?̃?. This result explains the large 
discrepancy between theoretical prediction of the bending rigidity of suspended 
graphene 15, 32, 47 (which is close to ?̃?) and corresondng experimental value obtained 
recently48 (which is close to 𝐷). One should keep in mind that our theory, established 
upon the Debye model, is constructed for large sized graphene. When applying it to 
small sized sample, the zero-point fluctuation is overestimated using the Debye model, 
and so the value of 𝐷 predicted here should be regarded as an upper bound for finite 
sized graphene. 
 
 Figure 3. Variation of (a) the spontaneous bending rigidity ?̃? (below the break 
region) and the thermal bending rigidity 𝐷 (above the break region) with temperature 
(below 800K) for graphene sample with different size; (b) the spontaneous bending 
rigidity ?̃? with temperature (near the phase transition point) for graphene sample 
with different size 
 
Through analyzing the wrinkling transition of suspended graphene based on the 
established Landau theory, it is verified that interplay between the equilibrium 
morphology and soft ZA phonon modes in 2D materials is vital for their stability. 
According to the theory of soft modes, the slow varying modes determine the 
long-term behavior of the system49. The results obtained not only establish a 
foundation for further research on the morphology evolution of 2D materials exposed 
to various external fields, but also promote studies on the coupling between the ZA 
phonon mode and other elementary excitations, which is significant for understanding 
the properties of actual 2D materials and for exploring the possibility of 
ripple-engineering for 2D materials. The result that spontaneous curvature may exist 
for any tethered membranes implies soft mode dynamics may be the key to 
understanding the widely observed rippling phenomena in membrane-like materials. 
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 Supplementary Information 
 
1. Perturbational phonon dispersion analysis for rippled graphene 
According to the theory of lattice dynamics in the harmonic approximations1, the 
phonon frequencies for any crystalline solid at low temperature are determined by 
𝜔𝐪𝑛
2 = ∑ 𝜀𝛼𝑘(𝐪, 𝑛)𝜀𝛽𝑘′(𝐪, 𝑛)𝐷𝛼𝛽 (
𝐪
𝑘, 𝑘′
)
𝛼,𝛽,𝑘,𝑘′
,                                     (𝑆1) 
where 𝜀𝛼𝑘(𝐪, 𝑛) is polarization of the 𝑘 th atom in the unit cell in the 𝛼-axis 
direction of the 𝑛th branch of phonon with wave vector 𝐪, and 
𝐷𝛼𝛽 (
𝐪
𝑘, 𝑘′
) =
1
𝑚
∑𝐾𝛼𝛽 (
𝟎, 𝐥′
𝑘, 𝑘′
) 𝑒−𝑖𝐪𝐥′𝑘′
𝐥′
                                       (𝑆2) 
denote the components of the dynamical matrix. 𝐥′𝑘′is the lattice vector pointing to 
the unit cell in which atom 𝑘′ is lying. In eq. (2) 
𝐾𝛼𝛽 (
𝟎, 𝐥′
𝑘𝑘′
) = (
𝜕2U
𝜕𝑢𝛼 (
𝟎
𝑘
)𝜕𝑢𝛽 (
𝐥′
𝑘′
)
)
𝑟=𝑎
,                                            (𝑆3) 
where U = ∑ Φ𝑖𝑖  denotes the total potential energy of the system, and Φ𝑖 is the 
potential energy possessed by the 𝑖th atom. 𝑢𝛼 (
𝟎
𝑘
) denotes the 𝛼th component of 
the displacement vector of the 𝑘th atom in the 𝟎th unit cell. For graphene described 
by LCBOPⅡs2, Φ𝑖 takes the following form 
Φ𝑖 =
1
2
[ ∑ 𝜑1(𝐫𝑖𝑗, 𝜃𝑖𝑗𝑘)
𝑗,|𝐫𝑖𝑗|=𝑎
+ ∑ 𝜑2(𝐫𝑖𝑗)
𝑗,|𝐫𝑖𝑗|=√3𝑎
+ ∑ 𝜑3(𝐫𝑖𝑗)
𝑗,|𝐫𝑖𝑗|=2𝑎
],    (𝑆4) 
where 𝜃𝑖𝑗𝑘 denotes the bond angle between neighboring bond 𝐫𝑖𝑗 and 𝐫𝑖𝑘 (𝑘 ≠ 𝑖, 𝑗). 
𝜑1(𝐫𝑖𝑗, 𝜃𝑖𝑗𝑘) , 𝜑2(𝐫𝑖𝑗)  and 𝜑3(𝐫𝑖𝑗)  denote respectively the nearest neighbor 
interaction, the second nearest neighbor interaction and the third nearest neighbor 
interaction.Explicit expressions of the phonon frequencies 𝜔𝐪𝑛 are usually difficult 
to obtain due to the complex expression of 𝐷𝛼𝛽 (
𝐪
𝑘, 𝑘′
). Yet, at long wavelength limit 
(i.e., for small 𝑞 = |𝐪|), the analytical phonon dispersion relation can be obtained by 
using the matrix perturbation theorys3. The methodology is briefly reviewed as follow: 
𝐐 = 𝐐0 + 𝜀𝐐1 + 𝜀
2𝐐2is a target matrix where 𝜀 is considered small perturbation, 
and 𝐐0is the unperturbed matrix which satisfies 
𝐐0𝐮0 = 𝐮0𝚲0,
𝐮0
𝑇𝐮0 = 𝚰.
                                                        (𝑆5) 
Here 𝐮0is a matrix whose columes are the unit normal eigenvectors of 𝐐0,𝚲0is the 
diagonalized matrix of 𝐐0, and 𝚰 denotes the identity matrix of the same order 
with𝚲0. Consider the case where 𝐐0has an eigenvalue with multiplicity m, denoted 
by 𝜆0 = 𝜆01 = 𝜆02 = ⋯𝜆0𝑚, and we are particularly interested in the perturbation of 
𝜆01, 𝜆02, … , 𝜆0𝑚  by presence of 𝐐1 and𝐐2 . The perturbed eigenvalues take the 
following form: 
𝚲𝑚 = 𝚲0𝑚 + 𝜀𝚲1𝑚 + 𝜀
2𝚲2𝑚,                                         (𝑆6) 
where 𝚲0𝑚 = 𝜆0𝚰𝑚  and 𝚰𝑚 denotes the identity matrix of order 𝑚 . After 
manipulation we have 
𝐮0𝑚
𝑇 𝐐1𝐮0𝑚𝛂 = 𝛂𝚲1𝑚.                                               (𝑆7) 
If 𝐮0𝑚
𝑇 𝐐1𝐮0𝑚equals to a zero matrix, we have  
(−𝐮0𝑚
𝑇 𝐐1𝐮0𝑎(𝚲0𝑎 − 𝜆0𝚰𝑎)
−1𝐮0𝑎
𝑇 𝐐1𝐮0𝑚 + 𝐮0𝑚
𝑇 𝐐2𝐮0𝑚)𝛂 = 𝛂𝚲2𝑚.             (𝑆8) 
Here 𝐮0𝑚 is a matrix whose columes are the unit normal eigenvectors corresponding 
to 𝜆01, 𝜆02, … , 𝜆0𝑚; 𝚲0𝑎 is a diagonal matrix composed by the eigenvalues of 𝐐0 
excluding 𝜆01, 𝜆02, … , 𝜆0𝑚 ; 𝐮0𝑎  is a matrix whose columes are the unit normal 
eigenvectors corresponding to 𝚲0𝑎. Eqs. (S7, S8) give the eigen-equations for 𝚲1𝑚 
and 𝚲2𝑚, which determine the perturbation of 𝜆01, 𝜆02, … , 𝜆0𝑚. It is obvious that the 
case of isolated eigenvalues can also be treated if we let 𝑚 = 1. Eqs. (S5-S8) provide 
all the results we need for matrix perturbation analysis of the dispersion relation of 
graphene to the lowest order. At long wavelength limit, for flat graphene we have 
from eq. (2) 
𝐃0 (
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝟎
𝑘, 𝑘′
) + 𝐃01 (
𝟎
𝑘, 𝑘′
) 𝑞 + 𝐃02 (
𝟎
𝑘, 𝑘′
) 𝑞2,                       (𝑆9) 
where 𝐃01  and 𝐃02  denote respectively the first and second order expansion 
coefficient matrix of 𝐃0 in terms of 𝑞. Using the method developed through eqs. 
(S5-S8), the dispersion relation for the acoustic phonon branches of flat graphene at 
long wavelength limit can be obtained as  
𝜔𝑍𝐴
2 = 𝑏3𝑞
2 + 𝑑3𝑞
4,                                               (𝑆10𝑎) 
𝜔𝐿𝐴
2 = 𝑏1𝑞
2,                                                   (𝑆10𝑏) 
𝜔𝑇𝐴
2 = 𝑏2𝑞
2,                                                   (𝑆10𝑐) 
where 
              𝑏1 =
1
𝑚
(−
𝑎2
2
2𝑎1
+ 𝑎3 + 𝑎4),                                            (𝑆11𝑎)
             𝑏2 =
1
𝑚
(−
𝑎2
2
2𝑎1
+ 𝑎5 + 𝑎6),                                             (𝑆11𝑏)
       𝑏3 =
3
4𝑚
𝑎(𝑐11 + 2√3𝑐21 + 2𝑐31),                                        (𝑆11𝑐)
𝑑3 =
3
64𝑚
𝑎2[24𝑐𝑎 − 𝑎(𝑐11 + 6√3𝑐21 + 8𝑐31)],                   (𝑆11𝑑)
 
and 
𝑎1 =
3(2𝑎2(𝑐12 + 𝑐32) + 3(4𝑐𝑎 + 6𝑐𝑎2 − 3𝑐𝑎𝑏) + 𝑎(2𝑐11 + 𝑐31 + 12𝑐𝑎𝑟))
4𝑎2
,             (𝑆12𝑎)
    𝑎2 =
3(−2𝑎(𝑐11 − 𝑐31) + 2𝑎
2(𝑐12 − 2𝑐32) − 3(4𝑐𝑎 + 6𝑐𝑎2 − 3𝑐𝑎𝑏))
8𝑎
,                 (𝑆12𝑏)
                                      𝑎3 =
3
8
𝑎(√3𝑐21 + 9𝑎𝑐22 − 9𝑐𝑎𝑟),                                                 (𝑆12𝑐)
𝑎4 =
3
32
(6𝑎2(𝑐12 + 4𝑐32) + 3(4𝑐𝑎 + 6𝑐𝑎2 − 3𝑐𝑎𝑏) + 2𝑎(𝑐11 + 2(𝑐31 + 6𝑐𝑎𝑟))) , (𝑆12𝑑)
                    𝑎5 =
9
16
(2√3𝑎𝑐21 + 2𝑎
2𝑐22 − 4𝑐𝑎 − 6𝑐𝑎2 + 3𝑐𝑎𝑏 − 6𝑎𝑐𝑎𝑟),                   (𝑆12𝑒)
𝑎6 =
3
32
(2𝑎2(𝑐12 + 4𝑐32) + 9(4𝑐𝑎 + 6𝑐𝑎2 − 3𝑐𝑎𝑏) + 6𝑎(𝑐11 + 2𝑐31 + 4𝑐𝑎𝑟)).      (𝑆12𝑓)
 
The force constants that appear in eqs. (12a-f) are defined by 
𝑐11 = (
𝜕𝜑1
𝜕𝑟𝑖𝑗
)
0
,   𝑐21 = (
𝜕𝜑2
𝜕𝑟𝑖𝑗
)
0
,   𝑐31 = (
𝜕𝜑3
𝜕𝑟𝑖𝑗
)
0
,
𝑐12 = (
𝜕2𝜑1
𝜕𝑟𝑖𝑗
2 )
0
,   𝑐22 = (
𝜕2𝜑2
𝜕𝑟𝑖𝑗
2 )
0
,   𝑐32 = (
𝜕2𝜑3
𝜕𝑟𝑖𝑗
2 )
0
,
𝑐𝑎 = (
𝜕𝜑1
𝜕 cos 𝜃𝑖𝑗𝑘
)
0
,   𝑐𝑎2 = (
𝜕2𝜑1
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕 cos 𝜃𝑖𝑗𝑘
)
0
,   
𝑐𝑎𝑏 = (
𝜕2𝜑1
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕 cos 𝜃𝑖𝑗𝑙
)
0
,   𝑐𝑎𝑟 = (
𝜕2𝜑1
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕𝑟𝑖𝑗
)
0
.
 
The geometry of rippling graphene can be assumed as being composed of many local 
regions with homogeneous curvature. For a local region with nondimensionalized 
curvature ?̅?, the dynamical matrix can be expanded as 
𝐃(
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝐪
𝑘, 𝑘′
) + 𝐃1 (
𝐪
𝑘, 𝑘′
) ?̅? + 𝐃2 (
𝐪
𝑘, 𝑘′
) ?̅?2.                   (𝑆13) 
For different local regions, ?̅? can take different values and different signs. Yet, due to 
the absence of macroscopic bending moment, the average of ?̅? over the whole 
material should be zero and the neighboring regions of one local region with positive 
?̅? should be negative to ensure equilibrium of local bending moment. At equilibrium 
|?̅?| of an arbitrary local region would fluctuate around ?̃?. Thus for a local region 
with positive ?̅? (or called a local crest), eq. (S13) can be approximated by 
𝐃𝑐𝑟𝑒𝑠𝑡 (
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝐪
𝑘, 𝑘′
) + 𝐃1 (
𝐪
𝑘, 𝑘′
) ?̃? + 𝐃2 (
𝐪
𝑘, 𝑘′
) ?̃?2.         (S14) 
For its neighboring regions ( called local troughs) 
𝐃𝑡𝑟𝑜𝑢𝑔ℎ (
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝐪
𝑘, 𝑘′
) − 𝐃1 (
𝐪
𝑘, 𝑘′
) ?̃? + 𝐃2 (
𝐪
𝑘, 𝑘′
) ?̃?2.       (S15) 
At long wavelength limit, we are interested in the vibrational displacement of a local 
crest as a whole, denoted by 𝐮𝑐𝑟𝑒𝑠𝑡 , and the vibrational displacement of one 
neighboring local trough as a whole, denoted by 𝐮𝑡𝑟𝑜𝑢𝑔ℎ. An alternative choice is to 
study 
1
2
(𝐮𝑐𝑟𝑒𝑠𝑡 + 𝐮𝑡𝑟𝑜𝑢𝑔ℎ)and
1
2
(𝐮𝑐𝑟𝑒𝑠𝑡 − 𝐮𝑡𝑟𝑜𝑢𝑔ℎ), which atlong wavelength limit 
and for big enough material size denote the uniform motion and relative motion of 
one local crest and one neighboring local trough. Since soft modes appear among ZA 
modes, we are perticularly interested in 
1
2
(𝐮𝑐𝑟𝑒𝑠𝑡 + 𝐮𝑡𝑟𝑜𝑢𝑔ℎ), whose dynamic matrix 
can be approximated by 
𝐃𝑎𝑐𝑜𝑢𝑠𝑡𝑖𝑐 (
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝐪
𝑘, 𝑘′
) + 𝐃2 (
𝐪
𝑘, 𝑘′
) ?̃?2.                         (7) 
For rippled graphene, the dynamic matrix for the acoustic branches at long 
wavelength limit is affected by the spontaneous curvature ?̃?, as described by eq. (2) 
in the main text. At long wavelength limit we have 
𝐃𝑎𝑐𝑜𝑢𝑠𝑡𝑖𝑐 (
𝐪
𝑘, 𝑘′
) = 𝐃0 (
𝟎
𝑘, 𝑘′
) + 𝐃01 (
𝟎
𝑘, 𝑘′
) 𝑞 + 𝐃02 (
𝟎
𝑘, 𝑘′
) 𝑞2
                        + [𝐃2 (
𝟎
𝑘, 𝑘′
) + 𝐃21 (
𝟎
𝑘, 𝑘′
) 𝑞 + 𝐃22 (
𝟎
𝑘, 𝑘′
) 𝑞2] ?̃?2.
        (𝑆16) 
We consider ?̃?2  as a perturbation, where the unperturbed eigenvalues are 
approximated by eqs. (S10a-c). Through the method in eqs. (S5-S8), the dispersion 
relation for the acoustic phonon branches perturbed by spontaneous curvature can be 
obtained as  
𝜔𝑍𝐴
2 = 𝑏3
∗𝑞2 + 𝑑3𝑞
4,      𝑏3
∗ = 𝑏3 + ℎ3(𝛼)?̃?
2,                      (𝑆17𝑎) 
𝜔𝐿𝐴
2 = 𝑏1
∗𝑞2,      𝑏1
∗ = 𝑏1 + ℎ1(𝛼)?̃?
2,                          (𝑆17𝑏) 
𝜔𝑇𝐴
2 = 𝑏2
∗𝑞2,      𝑏2
∗ = 𝑏2 + ℎ2(𝛼)?̃?
2,                          (𝑆17𝑐) 
where 
ℎ3(𝛼) = −
3
256𝑚
{2[−12𝑎2(𝑐12 + 14𝑐22 + 12𝑐32) − 9(12𝑐𝑎 + 26𝑐𝑎2 − 13𝑐𝑎𝑏)
+4𝑎(3𝑐11 + 14√3𝑐21 + 18𝑐31 + 15𝑐𝑎𝑟)] + [12𝑎
2(𝑐12 − 2(𝑐22 + 6𝑐32))
−54(7𝑐𝑎 − 2𝑐𝑎2 + 𝑐𝑎𝑏) + 𝑎(−13𝑐11 + 10√3𝑐21 + 82𝑐31 + 120𝑐𝑎𝑟)]Cos[2𝛼]},
(𝑆18𝑎) 
ℎ1(𝛼) = −
3
1024𝑚
{4[6𝑎2(𝑐12 + 14𝑐22 + 12𝑐32) + 9(16𝑐𝑎 + 26𝑐𝑎2 − 13𝑐𝑎𝑏)
−2𝑎(3𝑐11 + 14√3𝑐21 + 18𝑐31 + 24𝑐ar)] + 2[6𝑎
2(𝑐12 + 2𝑐22 − 4𝑐32)
−9(2𝑐𝑎 − 30𝑐𝑎2 + 15𝑐𝑎𝑏) − 𝑎(4𝑐11 + 8√3𝑐21 + 8𝑐31 − 63𝑐𝑎𝑟)]Cos[2𝛼]
+[6𝑎2(3𝑐12 + 2𝑐22 − 28𝑐32) − 3(134𝑐𝑎 − 90𝑐𝑎2 + 45𝑐𝑎𝑏)
+𝑎(−19𝑐11 − 6√3𝑐21 + 94𝑐31 + 204𝑐𝑎𝑟)]Cos[4𝛼]},
   (𝑆18𝑏) 
ℎ2(𝛼) =
3
1024𝑚
{−12[6𝑎2(𝑐12 + 14𝑐22 + 12𝑐32) + 3(40𝑐𝑎 + 18𝑐𝑎2 − 9𝑐𝑎𝑏)
−2𝑎(3𝑐11 + 14√3𝑐21 + 18𝑐31 + 28𝑐ar)] − 2[6𝑎
2(3𝑐12 − 10𝑐22 − 44𝑐32)
−47𝑐𝑎 + 54𝑐𝑎2 − 27𝑐𝑎𝑏 + 𝑎(−18𝑐11 + 20√3𝑐21 + 132𝑐31 + 129𝑐𝑎𝑟)]Cos[2𝛼]
+[6𝑎2(3𝑐12 + 2𝑐22 − 28𝑐32) − 3(134𝑐𝑎 − 90𝑐𝑎2 + 45𝑐𝑎𝑏)
+𝑎(−19𝑐11 − 6√3𝑐21 + 94𝑐31 + 204𝑐𝑎𝑟)]Cos[4𝛼]}.
   (𝑆18𝑐) 
From eqs. (S17a-c) we learn that the coefficients of the 𝑞2 term in the dispersion 
relations for the acoustic phonon branches are renormalized by presence of the 
spontaneous curvature ?̃? . Since ℎ1, ℎ2  and ℎ3are 𝛼  dependent while 𝑏1, 𝑏2  and 
𝑏3 are independent of 𝛼, we can conclude that presence of ?̃? reduces the symmetry 
of the dispersion relations at long wavelength limit.Figure S1 shows the plot of ℎ1, ℎ2 
and ℎ3 as functions of 𝛼 in polar coordinate.  
 
Figure S1. Variation of (a) ℎ1, (b)ℎ2, and (c) ℎ3 with 𝛼 in polar coordinate. 
 
For convenience of free energy formulation, the 𝛼 −dependence of ℎ1, ℎ2 and ℎ3 
can be avoided by some approximation. Here we define 
ℎ𝑘̅̅ ̅ =
1
2
( max
𝛼∈[0,2𝜋)
ℎ𝑘 + min
𝛼∈[0,2𝜋)
ℎ𝑘),    (𝑘 = 1,2,3)                    (𝑆19) 
and eqs. (3a-c) in the main text are obtained by replacing ℎ𝑘  with ℎ𝑘̅̅ ̅ in eqs. 
(S17a-c). 
 
2. Landau theory for the wrinkling phase transition of graphene 
Within the SCH model, the free energy per atom for graphene with spontaneous 
curvature is formulated in the main text as 
𝑓𝑆𝐶𝐻 = 〈Φ𝑖0〉 +
9
16
〈𝑐𝑎〉?̃?
2 +
9
256
(3〈𝑐𝑎2〉 − 〈𝑐𝑎〉)?̃?
4
           +
𝑠0(𝑘𝐵𝑇)
3
4𝜋ℏ2
(
1
〈𝑏1
∗〉
+
1
〈𝑏2
∗〉
) 𝐽1 +
𝑠0(𝑘𝐵𝑇)
2
8𝜋ℏ
1
√〈𝑑3〉
𝐽2.  
                     (9) 
When all the independent standard deviations √Λ𝐿1, √Λ𝑇1 and √Λ𝑍1 are regarded 
as small quantities compared with the static lattice constant𝑎0 , the following 
expansion of the potential per atom for flat graphene is valid 
〈Φ𝑖0(𝑟, 𝜃𝑖𝑗𝑘)〉 = Φ𝑖0(𝑟, 𝜃𝑖𝑗𝑘) + 𝔇𝐿[Φ𝑖0]Λ𝐿1 +𝔇𝑇[Φ𝑖0]Λ𝑇1 +𝔇𝑍[Φ𝑖0]Λ𝑍1 + 3𝔇𝑍2[Φ𝑖0]Λ𝑍1
2 , (𝑆20) 
where 𝔇𝐿[ ], 𝔇𝑇[ ], 𝔇𝑍[ ] and 𝔇𝑍2[ ] are operators related to the atomic 
structure and potential of the system. For graphene described by LCBOPⅡ, we have 
𝔇𝐿[ ] =
1
16𝑎2
{8𝑎2
𝜕2
𝜕𝑟2
+ 9 [2
𝜕
𝜕 cos 𝜃𝑖𝑗𝑘
+
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘2
+
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕 cos 𝜃𝑖𝑗𝑙
] + 24𝑎
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕𝑟
}
𝑟=𝑎
,
𝔇𝑇[ ] =
1
16𝑎2
{8𝑎
𝜕
𝜕𝑟
+ 14
𝜕
𝜕 cos 𝜃𝑖𝑗𝑘
+ 39 [
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘2
−
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕 cos 𝜃𝑖𝑗𝑙
]}
𝑟=𝑎
,
𝔇𝑍[ ] =
1
2𝑎2
{𝑎
𝜕
𝜕𝑟
+ 7
𝜕
𝜕 cos 𝜃𝑖𝑗𝑘
}
𝑟=𝑎
,
𝔇𝑍2[ ] =
1
24𝑎4
{−3𝑎
𝜕
𝜕𝑟
− 81
𝜕
𝜕 cos 𝜃𝑖𝑗𝑘
+ 𝑎2
𝜕2
𝜕𝑟2
+ 14𝑎
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕𝑟
+
37
2
[
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘2
+
𝜕2
𝜕 cos 𝜃𝑖𝑗𝑘 𝜕 cos 𝜃𝑖𝑗𝑙
]}
𝑟=𝑎
.
(𝑆21) 
In eq. (S20), the expansions with Λ𝐿1 and Λ𝑇1 are truncated at the first order while 
the expansion with Λ𝑍1  are truncated at the second order. This is because the 
out-of-plane fluctuation of 2D materials is significantly larger than the in-plane 
fluctuation. If we further assume that the change of equilibrium lattice constant from 
its static value 𝑑𝑎 = 𝑎 − 𝑎0 is small, eq. (S20) can be further expanded as 
〈Φ𝑖0(𝑟, 𝜃𝑖𝑗𝑘)〉 = {Φ𝑖0(𝑟, 𝜃𝑖𝑗𝑘) + 𝔇𝐿[Φ𝑖0]Λ𝐿1 +𝔇𝑇[Φ𝑖0]Λ𝑇1 +𝔇𝑍[Φ𝑖0]Λ𝑍1 + 3𝔇𝑍2[Φ𝑖0]Λ𝑍1
2 }
0
+ {
𝜕
𝜕𝑎
[Φ𝑖0(𝑎, 𝜃𝑖𝑗𝑘) + 𝔇𝐿[Φ𝑖0]Λ𝐿1 +𝔇𝑇[Φ𝑖0]Λ𝑇1 +𝔇𝑍[Φ𝑖0]Λ𝑍1 + 3𝔇𝑍2[Φ𝑖0]Λ𝑍1
2 ]}
0
𝑑𝑎
+
1
2
{
𝜕2
𝜕𝑎2
[Φ𝑖0(𝑎, 𝜃𝑖𝑗𝑘) + 𝔇𝐿[Φ𝑖0]Λ𝐿1 +𝔇𝑇[Φ𝑖0]Λ𝑇1 +𝔇𝑍[Φ𝑖0]Λ𝑍1 + 3𝔇𝑍2[Φ𝑖0]Λ𝑍1
2 ]}
0
𝑑𝑎2,
  (𝑆22) 
where {𝑌}0 denotes the value of 𝑌 at static lattice constant 𝑎0.Eq. (S22) expands 
〈Φ𝑖0(𝑟, 𝜃𝑖𝑗𝑘)〉 as a truncated polynomial of 𝑑𝑎, where the coefficients are explicitly 
determined. All the terms with angle brackets can be expanded in the same way as eq. 
(S22) using this two-step expansion method. If only the lowing order terms are 
retained, we have for eq. (7) in the main text 
𝑑𝑎 = −{
𝔇𝐿[𝑏3]Λ𝐿1 +𝔇𝑇[𝑏3]Λ𝑇1 +𝔇𝑍[𝑏3]Λ𝑍1 + 3𝔇𝑍2[𝑏3]Λ𝑍1
2
𝑏31
}
0
     
                       − {
ℎ0 +𝔇𝐿[ℎ0]Λ𝐿1 +𝔇𝑇[ℎ0]Λ𝑇1 +𝔇𝑍[ℎ0]Λ𝑍1 + 3𝔇𝑍2[ℎ0]Λ𝑍1
2
𝑏31
}
0
?̃?2
,     𝑓𝑜𝑟 ?̃?2 > 0  (𝑆23) 
where 
𝑏31 =
𝜕𝑏3
𝜕𝑎
.                                                       (𝑆24) 
One should notice eq. (S23) is deduced from a expansion of eq. (7) in the main text to 
the linear term of 𝑑𝑎 for convience, which gradually loses its accuracy when |𝑑𝑎| 
becomes larger. Using eqs. (S22, S23), it is possible to rewrite eq. (9) as truncated 
polynomial of ?̃?: 
𝑓𝑆𝐶𝐻 = (𝑓𝑆𝐶𝐻)0 + 𝐴(𝑇)?̃?
2 + 𝐵(𝑇)?̃?4,                                    (13) 
where 𝐴(𝑇) = 𝐴0 + 𝛾𝑧𝑇 ln [
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
] + 𝛾𝑧2 (𝑇 ln [
1−𝑒
−
Θ𝑜𝑢𝑡
𝑇
1−𝑒
−
Θ𝑚𝑖𝑛
𝑇
])
2
+ 𝛾2𝑇
2 + 𝛾3𝑇
3 , 
𝐵(𝑇) = 𝐵0 + 𝐵𝑇(𝑇) and 
𝐵0 = {
ℎ00
2
2𝑏31
2
𝜕2Φ𝑖0
𝜕𝑎2
+
9
256
(3𝑐𝑎2 − 𝑐𝑎)}
0
,
𝐵𝑇(𝑇) =
ℎ00
2
2𝑏31
2 {
𝜕2(Φ𝑖00 −Φ𝑖0)
𝜕𝑎2
}
0
−
9
16
ℎ00
𝑏31
({
𝜕𝑐𝑎0
𝜕𝑎
}
0
+ {
𝜕2𝑐𝑎0
𝜕𝑎2
}
0
𝑑𝑎0)
+
9
256
({3𝑐𝑎20 − 𝑐𝑎0}0 + {
𝜕(3𝑐𝑎20 − 𝑐𝑎0)
𝜕𝑎
}
0
𝑑𝑎0 − 3𝑐𝑎2 + 𝑐𝑎
+
1
2
{
𝜕2(3𝑐𝑎20 − 𝑐𝑎0)
𝜕𝑎2
}
0
𝑑𝑎0
2) .
   (𝑆25) 
𝐴0 = {
9
16
𝑐𝑎 − ∑
ℎ0
𝑏31
[
𝜕(𝔇𝑗[Φ𝑖0]Λ𝑗10)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑗[𝑏3]Λ𝑗10
𝑏31
]
𝑗=𝐿,𝑇,𝑍
}
0
−{
ℎ0
𝑏31
[
𝜕(3𝔇𝑍2[Φ𝑖0]Λ𝑍10
2 )
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
3𝔇𝑍2[𝑏3]Λ𝑍10
2
𝑏31
]}
0
+
9
16
{𝑑𝑎00
𝜕𝑐𝑎
𝜕𝑎
+ ∑ 𝔇𝑗[𝑐𝑎]Λ𝑗10
𝑗=𝐿,𝑇,𝑍
+ 3𝔇𝑍2[𝑏3]Λ𝑍10
2 }
0
,
𝛾𝑧 = −{
ℎ0
𝑏31
[
𝜕(𝔇𝑍[Φ𝑖0]Λ𝑍1𝑡)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑍[𝑏3]Λ𝑍1𝑡
𝑏31
]}
0
+
9
16
{−
𝔇𝑍[𝑏3]Λ𝑍1𝑡
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+ 𝔇𝑍[𝑐𝑎]Λ𝑍1𝑡}
0
+ 𝛾𝑧ℎ,
𝛾𝑧2 = −{
ℎ0
𝑏31
[
𝜕(3𝔇𝑍2[Φ𝑖0]Λ𝑍1𝑡
2 )
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
3𝔇𝑍2[𝑏3]Λ𝑍1𝑡
2
𝑏31
]}
0
+
9
16
{−
3𝔇𝑍2[𝑏3]Λ𝑍1𝑡
2
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+ 3𝔇𝑍2[𝑐𝑎]Λ𝑍1𝑡
2 }
0
+ 𝛾𝑧2ℎ,
𝛾2 = −{
ℎ0
𝑏31
𝑠0𝑘𝐵
2
4𝜋ℏ
(
1
𝑎0√𝑑3
−
𝑑31
4𝑑3
3/2
) 𝐽2}
0
,
𝛾3 = −{
ℎ0
𝑏31
𝑠0𝑘𝐵
3
4𝜋ℏ2
(
2
𝑎0𝑏1
+
2
𝑎0𝑏2
−
𝑏11
𝑏1
2 −
𝑏21
𝑏2
2 ) 𝐽1}
0
−{∑
ℎ0
𝑏31
[
𝜕(𝔇𝑗[Φ𝑖0]Λ𝑗1𝑡)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑗[𝑏3]Λ𝑗1𝑡
𝑏31
]
𝑗=𝐿,𝑇
}
0
+
9
16
{∑ −
𝔇𝑗[𝑏3]Λ𝑗1𝑡
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+ 𝔇𝑗[𝑐𝑎]Λ𝑗1𝑡
𝑗=𝐿,𝑇
}
0
+ 𝛾3ℎ.
     (𝑆26) 
𝛾𝑧ℎ = −{
𝔇𝑍[ℎ0]Λ𝑍1𝑡
𝑏31
[
𝜕(𝔇𝑍[Φ𝑖0]Λ𝑍10)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑍[𝑏3]Λ𝑍10
𝑏31
]}
0
,
𝛾𝑧2ℎ = −{
3𝔇𝑍2[ℎ0]Λ𝑍1𝑡
2
𝑏31
[
𝜕(3𝔇𝑍2[Φ𝑖0]Λ𝑍10
2 )
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
3𝔇𝑍2[𝑏3]Λ𝑍10
2
𝑏31
]}
0
,
𝛾3ℎ = −{∑
𝔇𝑗[ℎ0]Λ𝑗1𝑡
𝑏31
∑ [
𝜕(𝔇𝑗[Φ𝑖0]Λ𝑗10)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑗[𝑏3]Λ𝑗10
𝑏31
]
𝑗=𝐿,𝑇𝑗=𝐿,𝑇
}
0
.
     (𝑆27) 
In eq. (S25), ℎ00 = ℎ0 + ∑ 𝔇𝑗[ℎ0]Λ𝑗1𝑡𝑗=𝐿,𝑇,𝑍 + 3𝔇𝑍2[ℎ0]Λ𝑍1𝑡
2  and Φ𝑖00 , 𝑐𝑎0  and 
𝑐𝑎20 (i.e., terms with an additional subscript 0) have similar expressions with ℎ00; 
𝑑𝑎0 = −
1
𝑏31
{∑ 𝔇𝑗[𝑏3]Λ𝑗1𝑗=𝐿,𝑇,𝑍 + 3𝔇𝑍2[𝑏3]Λ𝑍1
2 } . In eq. (S26), 𝑏11 =
𝜕𝑏1
𝜕𝑎
, 𝑏21 =
𝜕𝑏2
𝜕𝑎
, 𝑑31 =
𝜕𝑑3
𝜕𝑎
, andΛ𝐿10 =
ℏ𝑎2
3𝑚
√
𝜋
𝑠0𝑏1
∗ , Λ𝑇10 =
ℏ𝑎2
3𝑚
√
𝜋
𝑠0𝑏2
∗ , Λ𝑍10 =
ℏ𝑎2
2𝑚√𝑑3
 and Λ𝐿1𝑡 =
𝑎2𝑠0(𝑘𝐵)
3
8𝜋𝑚ℏ2
𝐽3
 (𝑏1
∗)2
, Λ𝑇1𝑡 =
𝑎2𝑠0(𝑘𝐵)
3
8𝜋𝑚ℏ2
𝐽3
 (𝑏2
∗)2
, Λ𝑍1𝑡 =
𝑎2𝑠0𝑘𝐵
8𝜋𝑚𝑑3
. One should keep in mind that 
the calculation of Λ𝑍1, Λ𝐿1 and Λ𝑇1 defined in eq. (10) in the main text has to be 
achieved in the self-consistent way since the terms 〈𝑏1
∗〉, 〈𝑏2
∗〉 and 〈𝑑3〉 are related 
to Λ𝑍1, Λ𝐿1 and Λ𝑇1. In constructing the Landau theory, however, we omitted the 
angle brackets of 〈𝑏1
∗〉, 〈𝑏2
∗〉 and 〈𝑑3〉 in eq. (10) in the main text so that Λ𝑍1, Λ𝐿1 
and Λ𝑇1 can be directly calculated as a function of temperature. To see that effect of 
such a simplification, we plot the variation of Λ𝑍1/𝑎0
2, and Λ𝑇1/𝑎0
2 with temperature 
within the Landau theory and the SCH calculation in Figure S2. We observe an 
overestimation of Λ𝑍1, and Λ𝐿1 in the Landau theory, which is responsible for the 
rapid increase of ?̃? (red curve) as temperature increases shown in Figure 1a and the 
rapid decrease of lattice constant (red curve) shown in Figure 2a in the main text 
predicted by the Landau theory. At high temperature (above 1000K), this 
overestimation finally leads to a vanishing 𝐵(𝑇)  for which ?̃?  and 𝑑𝑎  both 
approach infinity and hence the Landau theory is no-longer applicable. 
 Figure S2. Variation of Λ𝑍1/𝑎0
2, Λ𝐿1/𝑎0
2 and Λ𝑇1/𝑎0
2 with temperature in the SCH 
calculation (blue curve with dots) and in the Landau theory (red curve). 
 
To further analyze the origin of the phase transition, 𝐴(𝑇) in eq. (13) can also be 
recasted into the following form 
𝐴 = 𝐴𝑄𝐻 + 𝐴𝐿 + 𝐴𝑇 + 𝐴𝑍,                                    (𝑆28) 
where 
𝐴𝑄𝐻 = {
9
16
𝑐𝑎 −
ℎ00
𝑏31
[
𝑠0(𝑘𝐵𝑇)
3
4𝜋ℏ2
(
2
𝑎0𝑏1
+
2
𝑎0𝑏2
−
𝑏11
𝑏1
2 −
𝑏21
𝑏2
2 ) 𝐽1 +
𝑠0(𝑘𝐵𝑇)
2
4𝜋ℏ
(
1
𝑎0√𝑑3
−
𝑑31
4𝑑3
3/2
) 𝐽2]}
0
,
𝐴𝐿 = −{
ℎ00
𝑏31
[
𝜕(𝔇𝐿[Φ𝑖0]Λ𝐿1)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝐿[𝑏3]Λ𝐿1
𝑏31
]}
0
+
9
16
{−
𝔇𝐿[𝑏3]Λ𝐿1
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+ 𝔇𝐿[𝑐𝑎]Λ𝐿1}
0
,
𝐴𝑇 = −{
ℎ00
𝑏31
[
𝜕(𝔇𝑇[Φ𝑖0]Λ𝑇1)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑇[𝑏3]Λ𝑇1
𝑏31
]}
0
+
9
16
{−
𝔇𝑇[𝑏3]Λ𝑇1
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+ 𝔇𝑇[𝑐𝑎]Λ𝑇1}
0
,
𝐴𝑍 = −{
ℎ00
𝑏31
[
𝜕(𝔇𝑍[Φ𝑖0]Λ𝑍1)
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
𝔇𝑍[𝑏3]Λ𝑍1
𝑏31
+
𝜕(3𝔇𝑍2[Φ𝑖0]Λ𝑍1𝑡
2 )
𝜕𝑎
−
𝜕2Φ𝑖0
𝜕𝑎2
3𝔇𝑍2[𝑏3]Λ𝑍1𝑡
2
𝑏31
]}
0
 
+
9
16
{−
𝔇𝑍[𝑏3]Λ𝑍1𝑡
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+𝔇𝑍[𝑐𝑎]Λ𝑍1𝑡 −
3𝔇𝑍2[𝑏3]Λ𝑍1𝑡
2
𝑏31
𝜕𝑐𝑎
𝜕𝑎
+ 3𝔇𝑍2[𝑐𝑎]Λ𝑍1𝑡
2 }
0
.
     (𝑆29) 
The physical meaning of these coefficients are explained in the main text. 
Eq. (S23) establishes a relation between ?̃?2  and 𝑑𝑎, for which eq. (13)can be 
reformulated as a function of 𝑑𝑎. Solving 
𝜕𝑓𝑆𝐶𝐻
𝜕(𝑑𝑎)
= 0, we have 
𝑑𝑎 =
{
 
 
𝐶1𝑙
𝐶2𝑙
,   𝑇 ≥ 𝑇𝑐
𝐶1ℎ
𝐶2ℎ
,   𝑇 < 𝑇𝑐
                                                    (16) 
where 
𝐶1𝑙 = −{
𝜕Φ𝑖00
𝜕𝑎
+
𝑏31
ℎ0
(
9
16
𝑐𝑎 − 𝐴𝑄𝐻)}
0
,
𝐶2𝑙 = {
𝜕2Φ𝑖00
𝜕𝑎2
}
0
+
𝑠0(𝑘𝐵𝑇)
3
4𝜋ℏ2𝑎0
(
2
𝑎0𝑏1
+
2
𝑎0𝑏2
−
4𝑏11
𝑏1
2 −
4𝑏21
𝑏2
2 ) 𝐽1 +
𝑠0(𝑘𝐵𝑇)
2
4𝜋ℏ𝑎0
(
1
𝑎0√𝑑3
−
𝑑31
𝑑3
3/2) 𝐽2,
𝐶1ℎ = 𝐶1𝑙 + {
9
16
𝑏31
ℎ0
(𝑐𝑎0 − 𝑑𝑎0
𝜕𝑐𝑎0
𝜕𝑎
) +
9
128
𝑏31
2
ℎ0
2 [𝑑𝑎0(3𝑐𝑎20 − 𝑐𝑎0) −
𝑑𝑎0
2
2
𝜕(3𝑐𝑎20 − 𝑐𝑎0)
𝜕𝑎
]}
0
,
𝐶2ℎ = 𝐶2𝑙 + {
9
8
𝑏31
ℎ0
(−
𝜕𝑐𝑎0
𝜕𝑎
+
𝑑𝑎0
2
𝜕2𝑐𝑎0
𝜕𝑎2
) +
9
128
(
𝑏31
ℎ0
)
2
(3𝑐𝑎20 − 𝑐𝑎0)}
0
+{
9
64
(
𝑏31
ℎ0
)
2
[−𝑑𝑎0
𝜕(3𝑐𝑎20 − 𝑐𝑎0)
𝜕𝑎
+
𝑑𝑎0
2
4
𝜕2(3𝑐𝑎20 − 𝑐𝑎0)
𝜕𝑎2
]}
0
.
 (𝑆30) 
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